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A Appendix

.1 Proof of Proposition 2

Proof. Define L(ẋ, x, t) = 1
2
ẋ2 + σ2Λ(x, t). Then,

L(ẋ, x, t) =
1

2
ẋ2 + κσ2x2 − σ2

[
f(t)− µ′(t)

σ2

]
x+

σ2f 2(t)

4κ
+

1

2
µ2(t)

and we have, by defining S[x(t)] =
∫ tb
ta
L(ẋ, x, t)dt,

S[x(t)] = S[x̄(t) + y(t)]
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that is,

I = S[x(t)]

=

∫ tb

ta

(
1

2

(
˙̄x2 + 2 ˙̄xẏ + ẏ2

)
+ κσ2(x̄(t) + y(t))2 − σ2

[
f(t)− µ′(t)

σ2

]
(x̄(t) + y(t))

)
dt

+

∫ tb

ta

(
σ2f 2(t)

4κ
+

µ2(t)

2

)
dt

=

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

+

∫ tb

ta

(
˙̄x(t)ẏ(t) +

1

2
ẏ2(t) + 2κσ2x̄(t)y(t) + κσ2y2(t)− σ2

[
f(t)− µ′(t)

σ2

]
y(t)

)
dt

+
σ2

4κ

∫ tb

ta

f 2(t)dt+
1

2

∫ tb

ta

µ2(t)dt

Note that

S1 =

∫ tb

ta

(
˙̄x(t)ẏ(t) + 2κσ2x̄(t)y(t)− σ2

[
f(t)− µ′(t)

σ2

]
y(t)

)
dt

=

∫ tb

ta

˙̄x(t)dy(t) + 2κσ2

∫ tb

ta

x̄(t)y(t)dt−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
y(t)dt

= [ ˙̄x(t)y(t)]tbta −
∫ tb

ta

¨̄x(t)y(t)dt+ 2κσ2

∫ tb

ta

x̄(t)y(t)dt−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
y(t)dt

= −
∫ tb

ta

(
2κσ2x̄(t)− σ2

[
f(t)− µ′(t)

σ2

])
y(t)dt+ 2κσ2

∫ tb

ta

x̄(t)y(t)dt

−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
y(t)dt

= 0

where we have used y(ta) = y(tb) = 0 and from Euler Lagrange equation for L(ẋ, x, t) =
1
2
ẋ2+κσ2x2−σ2

[
f(t)− µ′(t)

σ2

]
x+σ2f2(t)

4κ
+1

2
µ2(t) to get ¨̄x(t) = 2κσ2x̄(t)−σ2

[
f(t)− µ′(t)

σ2

]
.
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Therefore, we get

S[x(t)] = S[x̄(t) + y(t)]

=

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt+

∫ tb

ta

(
1

2
ẏ2(t) + κσ2y2(t)

)
dt

+
σ2

4κ

∫ tb

ta

f 2(t)dt+
1

2

∫ tb

ta

µ2(t)dt

= S[x̄(t)] + S[y(t)] +
σ2

4κ

∫ tb

ta

f 2(t)dt+
1

2

∫ tb

ta

µ2(t)dt

where

S[x̄(t)] =

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

S[y(t)] =

∫ tb

ta

(
1

2
ẏ2(t) + κσ2y2(t)

)
dt

Therefore, we finally get

K(b, a) =

∫ b

a

exp

(
− 1

σ2
S[x(t)]

)
Dx(t)

=

∫ 0

0

exp

(
− 1

σ2
S[x̄(t) + y(t)]− 1

4κ

∫ tb

ta

f 2(t)dt− 1

2σ2

∫ tb

ta

µ2(t)dt

)
Dy(t)

=

∫ 0

0

exp

(
− 1

σ2
S[x̄(t)]− 1

σ2
S[y(t)]− 1

4κ

∫ tb

ta

f 2(t)dt− 1

2σ2

∫ tb

ta

µ2(t)dt

)
Dy(t)

= exp

(
− 1

4κ

∫ tb

ta

f 2(t)dt

)
exp

(
− 1

2σ2

∫ tb

ta

µ2(t)dt

)
× exp

(
− 1

σ2
S[x̄(t)]

)∫ 0

0

exp

(
− 1

σ2
S[y(t)]

)
Dy(t)

That is, given the generalized hazard function with transitional inflation, the
corresponding kernel is given by

K(b, a) = exp

(
− 1

2σ2

∫ tb

ta

µ2(t)dt

)
exp

(
µ(t)

σ2
xb

)
exp

(
− 1

4κ

∫ tb

ta

f 2(t)dt

)
× exp

(
− 1

σ2
S[x̄(t)]

)∫ 0

0

exp

(
− 1

σ2
S[y(t)]

)
Dy(t)

where

S[x̄(t)] =

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt
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S[y(t)] =

∫ tb

ta

(
1

2
ẏ2(t) + κσ2y2(t)

)
dt

First, we can compute
∫ 0

0
exp

(
− 1

σ2S[y(t)]
)
Dy(t) using the Fourier series method,

and it turns out

∫ 0

0

exp

(
− 1

σ2
S[y(t)]

)
Dy(t) =

∫ 0

0

exp

(
− 1

σ2

∫ tb

ta

(
1

2
ẏ2(t) + κσ2y2(t)

)
dt

)
Dy(t)

=

( √
2κσ

2πσ2 sinh
√
2κσ(tb − ta)

)1/2

To calculate
∫ 0

0
exp

(
− 1

σ2

∫ tb
ta

(
1
2
ẏ2(t) + κσ2y2(t)

)
dt
)
Dy(t), we first note that the

path y(t) has to meet the following requirement: y(ta = 0) = y(tb = T ) = 0, and thus
we can write y(t) using Fourier series expansion as

y(t) =
∞∑
n=1

an sin

(
nπt

T

)
(.1)

Next, by direct plugging in and assuming that the time T is divided into discrete
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steps of length ϵ, our target of equation can be rewritten as

F (T ) =

∫ 0

0

exp

(
− 1

σ2

∫ tb

ta

(
1

2
ẏ2(t) + κσ2y2(t)

)
dt

)
Dy(t)

= J
1

A

∫ ∞

−∞
· · ·
∫ ∞

−∞

∫ ∞

−∞
exp {− 1

2σ2

T

2

N∑
n=1

[(nπ
T

)2
+ 2κσ2

]
a2n}

× da1
A

da2
A

· · · daN
A

=
J

A

N∏
n=1

∫ ∞

−∞
exp {− 1

2σ2

T

2

N∑
n=1

[(nπ
T

)2
+ 2κσ2

]
a2n}

dan
A

∝
N∏

n=1

(
n2π2

T 2
+ 2κσ2

)−1/2

=
N∏

n=1

(
n2π2

T 2

)−1/2 N∏
n=1

(
1 +

2κσ2T 2

n2π2

)−1/2

∝

(
sinh

√
2κσT

σ
√
2κT

)−1/2

(.2)

where we have applied Euler formula to the derivation from the second-to-last line to
the last line.

F (T ) can be written in the form

F (T ) = C

(
sinh

√
2κσT

σ
√
2κT

)−1/2

(.3)

We consider the case in which
√
2κσ = 0, since we already know from the previous

derivations about the equivalence of path integral and KFE formulations that F (T ) =(
1

2πσ2T

)1/2 when
√
2κσ = 0, which is just the inverse of the normalizing factor A. On

the other hand, we also have (by utilizing L’Hopital’s rule),

(
1

2πσ2T

)1/2

= lim√
2κσ→0

F (T ) = lim√
2κσ→0

C

(
sinh

√
2κσT

σ
√
2κT

)−1/2

= C (.4)
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Therefore, our desired integral F (T ) is equal to

F (T ) =

(
1

2πσ2T

)1/2
(
sinh

√
2κσT

σ
√
2κT

)−1/2

=

( √
2κσ

2πσ2 sinh
√
2κσT

)1/2
(.5)

where T = tb − ta.
Hence, the kernel can be rewritten as

K(b, a) =

( √
2κσ

2πσ2 sinh
√
2κσ(tb − ta)

)1/2

exp

(
− 1

2σ2

∫ tb

ta

µ2(t)dt

)
exp

(
− 1

4κ

∫ tb

ta

f 2(t)dt

)
× exp

(
− 1

σ2

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

)
Next, we compute

exp

(
− 1

σ2

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

)
Since the least-action path x̄(t) follows Euler-Lagrange equation, it follows that

d

dt

(
∂L

∂ ˙̄x

)
− ∂L

∂x̄
= 0

associated with the L = 1
2
ẋ2(t) + κσ2x2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x(t) + σ2f2(t)

4κ
+ 1

2
µ2(t) we

get
d ˙̄x

dt
− 2κσ2x̄+ σ2

[
f(t)− µ′(t)

σ2

]
= 0,

or equivalently,

¨̄x = 2κσ2x̄− σ2

[
f(t)− µ′(t)

σ2

]
which is an inhomogeneous linear second-order ODE whose solution can be written
as

x̄(t) = A sinh {σ
√
2κ(t− ta)}+B cosh {σ

√
2κ(tb − t)}

− 1

σ
√
2κ

∫ t

ta

σ2

[
f(s)− µ′(s)

σ2

]
sinσ

√
2κ(t− s)ds

(.6)
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Given the solution of x̄(t), we can proceed to compute

Scl =

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

by simplification first and then direct substitution as follows.

Scl =

∫ tb

ta

(
1

2
˙̄x2(t) + κσ2x̄2(t)− σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)

)
dt

=
1

2

∫ tb

ta

˙̄x2(t)dt+

∫ tb

ta

κσ2x̄2(t)dt−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)dt

=
1

2

(
[x̄ ˙̄x]tbta −

∫ tb

ta

x̄¨̄xdt

)
+

∫ tb

ta

κσ2x̄2(t)dt−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
x(t)dt

=
1

2

(
[x̄ ˙̄x]tbta −

∫ tb

ta

x̄

(
2κσ2x̄− σ2

[
f(t)− µ′(t)

σ2

])
dt

)
+

∫ tb

ta

κσ2x̄2(t)dt

−
∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)dt

=
1

2
[x̄(t) ˙̄x(t)]tbta −

1

2

∫ tb

ta

σ2

[
f(t)− µ′(t)

σ2

]
x̄(t)dt

(.7)

Hence, it follows from the fact x̄a = xa and x̄b = xb that Scl can be written as

Scl =
1

2
σ
√
2κ

[
(x2

a + x2
b) coshσ

√
2κT − 2xaxb

sinhσ
√
2κT

]

+
σ
√
2κxb

2 sinhσ
√
2κT

∫ tb

ta

[
f(t)− µ′(t)

σ2

]
sinσ

√
2κ(t− ta)dt

+
σ
√
2κxa

2 sinhσ
√
2κT

∫ tb

ta

[
f(t)− µ′(t)

σ2

]
sinσ

√
2κ(tb − t)dt

−
√
2κ

2σκ sinhσ
√
2κT

×
∫ tb

ta

∫ t

ta

[
f(t)− µ′(t)

σ2

][
f(s)− µ′(s)

σ2

]
sinσ

√
2κ(tb − t) sinσ

√
2κ(s− ta)dsdt

(.8)
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The kernel is thus calculated as

K(b, a) =

( √
2κσ

2πσ2 sinh
√
2κσ(tb − ta)

)1/2

exp

(
−2µ(t)

σ2
xb

)
exp

(
− 1

2σ2

∫ tb

ta

µ2(t)dt

)
× exp

(
− 1

4κ

∫ tb

ta

f 2(t)dt

)
exp {− 1

σ2
Scl},

(.9)

where T = tb − ta.

.2 Proof of Proposition 3

Proof. We first write Kµ(t)(y|x) in terms of K0(y|x) as

Kµ(t)(y|x) = e−
1

2σ2

∫ t
0 µ2(r)dre−

1
4κ

∫ t
0 f2(r)dr

e
√
2κ

2σ3κ sinhσ
√
2κt

∫ t
0

∫ r
0

[
f(r)+

µ′(r)
σ2

][
f(s)+

µ′(s)
σ2

]
sinσ

√
2κ(t−r) sinσ

√
2κsdsdr

e
− 2µ(t)

σ2 y+
√
2κy

2σ sinhσ
√

2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κrdr

e
√
2κx

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κ(t−r)dr

K0(y|x),

(.10)

where we can rewrite K0(y|x) in terms of the eigenvalue-eigenfunction decomposed
form as

K0(y|x) =
∞∑
j=1

e−λjtϕj(x)ϕj(y) (.11)

where λj and ϕj(·) are the eigenvalues and corresponding eigenfunctions, respectively.
As a result, Kµ(t)(y|x) can be rewritten as

Kµ(t)(y|x) = e−
1

2σ2

∫ t
0 µ2(r)dre−

1
4κ

∫ t
0 f2(r)dr

e
√
2κ

2σ3κ sinhσ
√
2κt

∫ t
0

∫ r
0

[
f(r)+

µ′(r)
σ2

][
f(s)+

µ′(s)
σ2

]
sinσ

√
2κ(t−r) sinσ

√
2κsdsdr

e
− 2µ(t)

σ2 y+
√
2κy

2σ sinhσ
√

2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κrdr

e
√
2κx

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κ(t−r)dr

∞∑
j=1

e−λjtϕj(x)ϕj(y),

(.12)
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where K0(y|x) =
∑∞

j=1 e
−λjtϕj(x)ϕj(y) solves

∂tK
0(y|x) = (σ2/2)∂2

yK
0(y|x)− Λ(y)K0(y|x). (.13)

To obtain our desired transition density of price gap in the presence of time-varying
inflation with firm’s reinjection, Kµ(t)(y|x), we just need to replace

∞∑
j=1

e−λjtϕj(x)ϕj(y)

in the expression of Kµ(t)(y|x) by the solution Q0(y|x) which solves

∂tQ0(y|x) = (σ2/2)∂2
yQ0(y|x)− Λ(y)Q0(y|x) + Λ(y)δy∗(τ)(y). (.14)

Given Q0
0(x|x) = ϕj(x) for a same reason as in the case of zero inflation, the

solution Q0(y|x) takes the form

Q0(y|x) =
∞∑
j=1

[
e−λjt + Λ(x∗(τ))ϕj(x

∗(τ))

∫ t

0

eλj(τ−t)dτ

]
ϕj(x)ϕj(y), (.15)

and thus our desired transition density of price gap in the presence of time-varying
inflation with firm’s reinjection, Kµ(t)(y|x), is written as

Kµ(t)(y|x) = e−
1

2σ2

∫ t
0 µ2(r)dre−

1
4κ

∫ t
0 f2(r)dr

e
√
2κ

2σ3κ sinhσ
√
2κt

∫ t
0

∫ r
0

[
f(r)+

µ′(r)
σ2

][
f(s)+

µ′(s)
σ2

]
sinσ

√
2κ(t−r) sinσ0

√
2κsdsdr

e
− 2µ(t)

σ2 y+
√
2κy

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κrdr

e
√
2κx

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ0

√
2κ(t−r)dr

×
∞∑
j=1

[
e−λjt + Λ(x∗(τ))ϕj(x

∗(τ))

∫ t

0

eλj(τ−t)dτ

]
ϕj(x)ϕj(y),

(.16)

where λj, ϕj(x), and ϕj(y) are given by

λj = σ
√
2κ

(
j − 1

2

)
,

ϕj(x) =
1

π1/4(2j−1(j − 1)!)1/2

(
2κ

σ2

)1/8

Hj−1

((
2κ

σ2

)1/4

x

)
e−(

κ
2σ2 )

1/2
x2

,
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and

ϕj(y) =
1

π1/4(2j−1(j − 1)!)1/2

(
2κ

σ2

)1/8

Hj−1

((
2κ

σ2

)1/4

y

)
e−(

κ
2σ2 )

1/2
y2 ,

respectively.

Kµ(t)(y|x)−Kµ(t)(y|x) = e−
1

2σ2

∫ t
0 µ2(r)dre−

1
4κ

∫ t
0 f2(r)dr

e
√
2κ

2σ3κ sinhσ
√
2κt

∫ t
0

∫ r
0

[
f(r)+

µ′(r)
σ2

][
f(s)+

µ′(s)
σ2

]
sinσ

√
2κ(t−r) sinσ

√
2κsdsdr

e
− 2µ(t)

σ2 y+
√
2κy

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κrdr

e
√
2κx

2σ sinhσ
√
2κt

∫ t
0

[
f(r)+

µ′(r)
σ2

]
sinσ

√
2κ(t−r)dr

×
∞∑
j=1

Λ(x∗(τ))ϕj(x
∗(τ))

∫ t

0

eλj(τ−t)dτϕj(x)ϕj(y) ̸= 0.

(.17)

.3 Proof of Proposition 5

Proof. Assuming that the time horizon used in the marginal output impulse response
is from t = 0 to t = T , where T can be infinity or strictly less than infinity. That
is, t ∈ [0, T ], where T ∈ R+ ∪ {0,∞}. It is also assumed that the inflation µ(t) is
zero initially at time t = 0, i.e., µ(0) = 0. To summarize, µ(0) = µ(T ) = 0, which
also implies f(0) = f(T ) = 0. Therefore, the functions µ(t) and f(t) over the time
horizon t ∈ [0, T ] can be written, without loss of generality, in terms of Fourier series
as a function of orthogonal basis {sin

(
nπt
T

)
, 1} as

µ(t) =
∞∑
n=1

an sin

(
nπt

T

)
, (.18)

f(t) =
∞∑
n=1

bn sin

(
nπt

T

)
. (.19)

Therefore,
∫ T

0
µ2(t)dt and

∫ T

0
f 2(t)dt in the expression of Yµ(t)(t) can be written
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in terms of Fourier coefficients as∫ T

0

µ2(t)dt =
T

2

∞∑
n=1

a2n, (.20)

∫ T

0

f 2(t)dt =
T

2

∞∑
n=1

b2n. (.21)

Furthermore, the time derivative of µ(t), µ̇(t) (i.e., µ′(t)), can also be written in
terms of Fourier series as

µ̇(t) =
π

T

∞∑
n=1

nan cos

(
nπt

T

)
. (.22)

Consequently, the integrals involving µ(t) and f(t) in Yµ(t)(t) can be expressed in
terms of Fourier series or Fourier coefficients as follows:

√
2κ

2σ sinhσ
√
2κT

∫ T

0

[
f(t) +

µ̇(t)

σ2

]
sinσ

√
2κtdt

=
1

2

√
2κ

2σ sinhσ
√
2κT

∞∑
n=1

bn

[
T

nπ − σ
√
2κT

sin
(
nπ − σ

√
2κT

)
− T

nπ + σ
√
2κT

sin
(
nπ + σ

√
2κT

)]
+

π

2σ2T

√
2κ

2σ sinhσ
√
2κT

×
∞∑
n=1

nan

[
T

nπ + σ
√
2κT

(
1− cos

(
nπ + σ

√
2κT

))
+

T

nπ − σ
√
2κT

(
cos
(
nπ − σ

√
2κT

)
− 1
)]

,

(.23)

which is equal to zero when

T ∗ =
nπ

σ
√
2κ

.

n = 1, 2, 3, ...
(.24)
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Moreover,
√
2κ

2σ sinhσ
√
2κT

∫ T

0

[
f(t) +

µ̇(t)

σ2

]
sinσ

√
2κ(T − t)dt

=
1

2

√
2κ

2σ sinhσ
√
2κT

∞∑
n=1

bn

(
T sinσ

√
2κT

nπ + σ
√
2κT

+
T sinσ

√
2κT

nπ − σ
√
2κT

)

+
π

2σ2T

√
2κ

2σ sinhσ
√
2κT

×
∞∑
n=1

nan

[
T

nπ − σ
√
2κT

(
cosσ

√
2κT − cosnπ

)
+

T

nπ + σ
√
2κT

(
cosnπ − cosσ

√
2κT

)]
,

(.25)

which is also equal to zero when

T ∗ =
nπ

σ
√
2κ

, (n = 1, 2, 3, ...). (.26)

.4 Proof of Proposition 6

Proof. We will conduct our analysis by two steps. First, we formulate the time-
dependent perturbation of the implied state- and time-dependent generalized hazard
function Λ(x, t) and show that the path integral formulated transition density can
be equivalently rewritten in terms of the infinite sum of the product of λji(T ) which
represents the transition element and the eigenfunctions ϕj(y) and ϕi(x) with respect
to both j and i, where λji(T ) denotes the transition probability of price gap going
from state i at time 0 to state j at time T . That is, we aim to show the path integral
formulated transition density of price gap from x at time 0 to y at time T following a
monetary shock in the presence of time-varying inflation and the implied state- and
time-dependent generalized hazard function, Kµ(t)(y|x), can be written as

Kµ(t)(y|x) =
∞∑
j=1

∞∑
i=1

λji(T )ϕj(y)ϕi(x). (.27)

In the second step, we aim to show that λji(T ) for j = 1, 2, 3, ..., and i = 1, 2, 3, ...,

12



can be written as

λji(T ) = δjie
−λiT + λ

(1)
ji (T ) + λ

(2)
ji (T ) + · · · , (.28)

where δji = 1 whenever j = i and δji = 0 whenever j ̸= i. For each λ
(k)
ji (T ), where

k ∈ {1, 2, 3, ...}, we can calculate it analytically. Consequently, the path integral
formulated transition density Kµ(t)(y|x) not only in the case of zero inflation but
also in the presence of time-varying inflation can be equivalently written in terms of
eigenvalue-eigenfunction decomposition as in equation (83), where ϕj(y) and ϕi(x)

are the eigenfunctions in the case of zero inflation. Overall, we aim to show that the
expression

Kµ(t)(y|x) =
∞∑
j=1

∞∑
i=1

[
δjie

−λiT + λ
(1)
ji (T ) + λ

(2)
ji (T ) + · · ·

]
ϕj(y)ϕi(x) (.29)

is legitimate and each component of it is analytically calculable.
Given the transition density of price gap following a monetary shock from x at

time 0 to y at time T in the presence of time-varying inflation and an implied state-
and time-dependent generalized hazard function Λ(x, t) by path integral formulation
written as

Kµ(t)(y|x) =
∫ y

x

e−
1
σ2

∫ T
0 [

1
2
ż2(τ)+σ2Λ(z,τ)]dτDz(τ), (.30)

and a Taylor expansion of e−
∫ T
0 Λ(z,τ)dτ as

e−
∫ T
0 Λ(z,τ)dτ = 1−

∫ T

0

Λ(z, τ)dτ +
1

2!

[
−
∫ T

0

Λ(z, τ)dτ

]2
+ · · · , (.31)

Kµ(t)(y|x) can be rewritten as

Kµ(t)(y|x) = K0(y|x) +K(1)(y|x) +K(2)(y|x) + · · · , (.32)

where

K0(y|x) =
∫ y

x

e−
1
σ2

∫ T
0

1
2
ż2dτDz(τ) (.33)

K(1)(y|x) = −
∫ y

x

e−
1
σ2

∫ T
0

1
2
ż2dτ

∫ T

0

Λ(z(s), s)dsDz(τ) (.34)
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K(2)(y|x) = 1

2

∫ y

x

e−
1
σ2

∫ T
0

1
2
ż2dτ

∫ T

0

Λ(z(s), s)ds

∫ T

0

Λ(z(r), r)drDz(τ) (.35)

and so forth.

.5 Proof of Proposition 7

Proof. By path integral formulation in its relation to ordinary integral, we can rewrite
K(1)(y|x) as (note that the subscript Λ(x) will be suppressed)

K(1)(y|x) = −
∫ T

0

∫ ∞

−∞
K0(y|z)Λ(z, τ)K0(z|x)dzdτ (.36)

and apply similar logic to K(2)(y|x).
Now, by plugging all the terms so far obtained in equation (92) and note that

K0(y|x) =
∑∞

i=1 ϕi(x)ϕi(y)e
−λiT which is the transition density of price gap with zero

inflation, we can rewrite Kµ(t)(y|x) as

Kµ(t)(y|x) =
∞∑
i=1

ϕi(x)ϕi(y)e
−λiT

−
∞∑
j=1

∞∑
i=1

∫ T

0

∫ ∞

−∞
ϕj(y)ϕj(z)e

−λj(T−τ)Λ(z, τ)ϕi(z)ϕi(x)e
−λiτdzdτ

+ · · ·

(.37)

It is thus clear that Kµ(t)(y|x) in equation (97) can be written in the form of
spectral decomposition as

Kµ(t)(y|x) =
∞∑
j=1

∞∑
i=1

λji(T )ϕj(y)ϕi(x)

as desired, where

λji(T ) = δjie
−λiT + λ

(1)
ji (T ) + λ

(2)
ji (T ) + · · ·

λ
(1)
ji (T ) = −

∫ T

0

∫ ∞

−∞
ϕj(z)Λ(z, τ)ϕi(z)e

−λj(T−τ)−λiτdzdτ

= −e−λjT

∫ T

0

Λji(τ)e
(λj−λi)τdτ

(.38)
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λ
(2)
ji (T ) =

∫ T

0

[∫ τ

0

∞∑
k=1

e−λj(T−τ)Λjk(τ)e
−λk(τ−s)Λki(s)e

−λisds

]
dτ (.39)

and so forth, where Λji(τ) is called the matrix element of Λ between states i and j

and defined as

Λji(τ) =

∫ ∞

−∞
ϕj(z)Λ(z, τ)ϕi(z)dz. (.40)

Hence, we have obtained our desired result of expressing the path integral for-
mulated transition density of price gap Kµ(t)(y|x) with time-varying inflation and an
implied state- and time-dependent generalized hazard function in terms of the spec-
tral (eigenvalue-eigenfunction) decomposition. Now, to see how the generalization
applies to a specific case, we take the unperturbed zero inflation with an implied
time-independent quadratic generalized hazard function Λ(x) = κx2 and perturb it,
so that we get the first-order approximation of the transition density of price gap fol-
lowing a monetary shock in the presence of time-varying inflation µ(t) with an implied
state- and time-dependent quadratic generalized hazard function Λ(x, t), Kµ(t)(1)(y|x),
written in terms of spectral (eigenvalue-eigenfunction) decomposition as

Kµ(t)(1)(y|x) =
∞∑
j=1

∞∑
i=1

λ
(1)
ji (T )ϕj(y)ϕi(x)

=
∞∑
j=1

∞∑
i=1

[
−e−λjT

∫ T

0

Λji(τ)e
(λj−λi)τdτ

]
ϕj(y)ϕi(x)

(.41)

where

λi = σ
√
2κ

(
i− 1

2

)
, (.42)

and

ϕi(x) =
1

π1/4(2i−1(i− 1)!)1/2

(
2κ

σ2

)1/8

Hi−1

((
2κ

σ2

)1/4

x

)
e−(

κ
2σ2 )

1/2
x2

, (.43)

where i = 1, 2, 3, ... and Hi−1(·) is the Hermite polynomial of degree i− 1, and

Λji =

∫ ∞

−∞
ϕj(z)Λ(z)ϕi(z)dz

= κ

∫ ∞

−∞
ϕj(z)z

2ϕi(z)dz.

(.44)
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Now, we can corresponding figure out the time-dependent perturbation solutions
to the version with firm’s reinjection by simply replacing e−λjτ with aj(τ) and e−λiτ

with ai(τ) as

λji(T ) = δjiai(T ) + λ
(1)
ji (T ) + λ

(2)
ji (T ) + · · ·

λ
(1)
ji (T ) = −

∫ T

0

∫ ∞

−∞
ϕj(z)Λ(z, τ)ϕi(z)aj(T − τ)ai(τ)dzdτ

= −
∫ T

0

Λji(τ)aj(T − τ)ai(τ)dτ

(.45)

λ
(2)
ji (T ) =

∫ T

0

[∫ τ

0

∞∑
k=1

aj(T − τ)Λjk(τ)ak(τ − s)Λki(s)ai(s)ds

]
dτ, (.46)

where

aj(t) = e−λjt + Λ∗ϕ∗
j

∫ t

0

eλj(τ−t)dτ, (.47)

ai(t) = e−λit + Λ∗ϕ∗
i

∫ t

0

eλi(τ−t)dτ, (.48)

ak(t) = e−λkt + Λ∗ϕ∗
k

∫ t

0

eλk(τ−t)dτ. (.49)
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